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Abstract 
The subject of the paper is part of the general issue, particularly complex, establishing the means and methods of intervention for 
maintaining an appropriate quality of power supplied to consumers connected to existing distribution networks, which are subject 
to more pronounced harmonic pollution. In this context, the analysis in the frequency domain of the normal operating regimes of 
electrical distribution networks is a mandatory operation, the main instrument being the harmonic impedance seen in the network 
buses nodes. A typical application of this tool of analysis refers to reactive power compensation in distribution network harmonic 
polluted, operation that may lead to increased non-sinusoidal regime and consequently to increased negative effects on the 
operating of installations belonging to the supplier or consumers. Avoidance of harmonic resonances is possible only by knowing 
the frequency response of the network, more exactly the change of harmonic impedance seen in the network buses. This paper 
presents, in two parts, the numerical examples carried out on the same area of a real distribution network, two analytical methods: 
harmonic nodal admittance matrix method, respectively state matrix method. The results are analyzed and compared with the 
values obtained by the two methods. 
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the Organizing Committee of WCES 2014. 
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1. Introduction 
 
Electrical distribution networks and utility are built mostly like alternative current systems. Currently there is a 
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continuous increase, exponentially, of harmonic "pollution" of these networks, which is reflected in the increasing 
distortion of current and voltage waveforms, with negative effects on the economic and technical efficiency of the 
operation of facilities and therefore power quality processed in these (Dugan et al., 2002; Arrillaga & Watson, 
2003). There are a multitude of causes and negative effects of harmonic pollution produced in electricity grids that 
requires the use of methods and countermeasures with increasing technical and economic impact. One of the most 
known negative effects are manifested at the installation of capacitor banks for shunt reactive power compensation. 
As is well known, this operation allows control of reactive power flow in the network, being one of the most 
effective ways to reduce longitudinal losses of active power and energy on the branches, and indirect voltage buses 
control, is therefore widespread applied in distribution networks by both operators and consumers. But, connecting a 
capacitor to a network bus leads to a parallel resonant equivalent circuit corresponding to the equivalent capacitive 
reactance of the shunt capacitor and the equivalent shunt inductive reactance of the network seen in the bus. The 
value of the resonant frequency of this circuit depends on the electrical inductance and capacitance values of those 
elements and is usually in the range of hundreds of Hz. However, if in the respective bus of the network are 
connected nonlinear consumers, "polluting" usually equivalent with harmonic current sources, over the fundamental 
currents flow, harmonic frequency currents flow overlap. Appears, therefore, the risk that the value of the resonant 
frequency of the parallel resonant circuit match or is close to the value of one harmonic frequency currents existing 
in the network. In such a case, that harmonic current flow that takes place in a circuit in which the shunt capacitive 
and inductive reactance reduces each other and thus reduce the impedance seen at the node that has the maximum 
value, equal to the equivalent shunt resistance, which is determined in most of the cases by the active load connected 
in the bus. The result is harmonic condition amplification, resulting in increasing rms values and distortions of both 
buses voltages and currents on the network branches (Dugan et al., 2002; Arrillaga & Watson, 2003). There are so 
negatively affected the operating conditions of all network elements and all receivers supplied in that area of the 
network, increase damage, reduce process efficiency. Capacitors from the capacitor bank have to support thermal 
and electrical overload, sometimes being destroyed.  
To avoid or limit the harmonic conditions amplification as a result of installation of capacitor banks, two 
categories of methods can be applied (Dugan et al., 2002; Arrillaga & Watson, 2003): 
1 - moving the resonant frequency of the network, by: 
- proper sizing of the capacitors, 
- installing detuning coils (integration of capacitor in detuned filters);  
2 - limiting harmonic current flow through: 
- the use of plants for use with low harmonic pollution; 
- filtering of harmonic currents - installation of passive filters (integration of the capacitors in the absorbent 
passive filters) or active filters. 
For effective implementation of these methods, the essential tool for the network analyzing is the harmonic 
impedance seen in the bus of interest.  
The paper presents, in two parts, the numerical results of the application of the two methods of harmonic 
impedance analysis: a classical method based on harmonic nodal admittance matrix calculation (Wang et al., 2004), 
(Bergen & Vittal, 2000), respectively a modern method based on matrix calculation system status automatically 
associated to the network distribution (Sano & Furuta, 1988; Meliopoulus et al., 1994; Martinon et al., 1996), (Buta 
et al., 2003). 
 
2. Construction of equivalent circuit for the network considered in the case study 
 
For the study case, a frequently encountered in practice situation is considered, the distribution network of a large 
industrial customer, which is also a big "polluter" is supplied by the bus bars of a medium voltage substation. 
Consumer installations receivers can be grouped into two components: one corresponding to linear loads (undeforming 
- LL) and other non-linear loads (deforming - NL). We consider four values of active and reactive power for the linear 
load, as study cases (cases a ÷ d). For modeling the nonlinear load, equivalent to ideal harmonic current sources is 
accepted that the composition of the network currents absorbed by the consumer, the highest levels harmonics are 5 
and 7. To limit their flowing in the distribution network of the operator, on the medium voltage substation bus bars, 
filtering devices (passive filters) are connected. At the same bars, a device for reactive power compensation to improve 
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the power factor (capacitor) is connected (Fig. 1.). The filters were designed to match the condition of use of identical 
coils. They debited in the network part of the capacitive reactive power compensation required on the fundamental 
frequency, the difference to the appropriate power factor equal to the neutral (PF = 0.92) is attributed to the capacitor, 
which allows step compensation level control. Linear load being considered by four different calculation cases, 
capacitors will have as many steps. Filters, however, are the same for all the four cases. 
 
 
 
a) b) 
 
Fig. 1. (a) Distribution network containing filtering and compensation devices (LL – linear load; NL – nonlinear load; TF – tuned filters; CB – 
capacitors bank); (b) Equivalent electric circuit. 
 
Table 1 shows the values of electrical characteristics of network elements and values of equivalent parameters of 
R, L, C type, required to the construction of the equivalent circuit used for frequency domain analysis of the normal 
operating conditions of the network (Fig. 1.b). The values for the equivalent parameters were calculated by 
reference to 20 kV level and is considered constant (independent of frequency). 
For the correctness of state variables method applying in frequency domain analysis of the network, presented in 
the second part of the paper, is requires that the longitudinal elements of the equivalent circuit to be just type R and / 
or L. Elements of type C can occur only like transversal elements (Martinon et al., 1996). Therefore, the connection 
point of the filter inductance and capacity were considered equivalent network buses (numbers 3 and 4 in Fig. 1.b), 
so that the filter inductances appear in the equivalent circuit like longitudinal inductance and only capacities are 
transversal elements (shunt). Also, for the correct application of the state variables method, in addition to equivalent 
parameters of real circuit elements, fictitious circuit elements were considered. They have been given, however, 
very small (C1) or very high (R1, R3, L3, R4, L4) values, in order not to influence the results of the calculation. 
Ideal harmonic current sources (with infinite internal impedance value) were also considered in all buses, which will 
not at all affect the results. Fictitious circuit elements were drawn in Figure 1.b in blue.  
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Table 1. The values of characteristics amounts and equivalent parameters for the network elements.  
 
Network’s elements Rated parameters Equivalent parameters 
Electrical Power System (S) 
case 
a, b, c, d Ssc = 1000 MVA; XS = 0.4 :    LS = 1,27310
-3 H;      L1 = LS 
Transformator (T) 
case 
a, b, c, d 
Sr = 25 MVA;     'Psc = 130 kW; 
Ur LV = 22 kV;    usc = 11 % 
RT = 0.101 :     R12 = RT; 
XT = 2.13 :LT = 6.77910-3 H;      L12 = LT;  
Linear Load (LL) 
case PLL [MW] QLL [MVAr] RLL [:]   (R2 = RLL)  XLL [:@ LLL [H]   (L2 = LLL) 
a 2 1.6 200 250 0.796 
b 4 3.2 100 125 0.398 
c 6 4.8 66.667 83.333 0.265 
d 8 6.4 50 62.5 0.199 
Capacitors Bank (CB) 
case Qcomp1 [MVAr] BCB  [PS] CCB  [PF]    C2 = CCB) 
a 0.448 1120 3.565 
b 1.196 2990 9.518 
c 1.944 4860 15.470 
d 2.692 6730 21.422 
Tuned Filters (TF) 
case 
a, b, c, d 
Qcomp1 [MVAr] 
Lf  [H] 
L23  = L24 = Lf 
Rf  [:] 
R23  = R24 = Rf 
Cf5 [PF] 
C3  = Cf5 
Cf7 [PF] 
C4  = Cf7 
0.3 0.265 0.01 1.528 0.779 
 
3. Determination of harmonic impedance seen in the buses using harmonic nodal admittance matrix  
 
Nodal admittance matrix is a square one, the number of lines of columns is equal to the number of network buses 
(four in this case - expression (1)). Each element of this matrix is a function of frequency, the most used relationship 
for R, L, C elements are the usually, due to the linearity of the network elements (equations (2) ÷ (9)). In normal 
applications, the frequency does not exceed 1500-2000 Hz.  
 
11 12 13 14
21 22 23 24
31 32 33 34
41 42 43 44
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
a
a
Y f Y f Y f Y f
Y f Y f Y f Y f
Y f
Y f Y f Y f Y f
Y f Y f Y f Y f
ª º« »« » « »« »¬ ¼
 (1) 
 
111
1 1 12 12
1 1 1( ) 2
2 2
Y f j f C
R j fL R j fL
SS S         ;  (2) 
 
12
12 12
1( )
2
Y f
R j fLS    ;  21 12( ) ( )Y f Y f ; (3) 
 
13 ( ) 0Y f  ;  31 13( ) ( )Y f Y f ;  14 ( ) 0Y f  ;  41 14( ) ( )Y f Y f ; (4) 
 
222
2 2 12 12 23 23 24 24
1 1 1 1 1( ) 2
2 2 2 2aa a a
Y f j f C
R j fL R j fL R j fL R j fL
SS S S S               ; (5) 
 
23
23 23
1( )
2
Y f
R j fLS    ;   32 23( ) ( )Y f Y f ;   24 24 24
1( )
2
Y f
R j fLS    ;   42 24( ) ( )Y f Y f ; (6) 
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333
3 3 23 23
1 1 1( ) 2
2 2
Y f j f C
R j fL R j fL
SS S         ; (7) 
 
444
4 4 24 24
1 1 1( ) 2
2 2
Y f j f C
R j fL R j fL
SS S          (8) 
 
34 ( ) 0Y f  ;  43 34( ) ( )Y f Y f ; (9) 
 
For each case analyzed is determined inverse harmonic nodal admittance matrix, a matrix whose elements have 
meaning of impedance. For example, in the case a:  
 
1( ) ( )a aZ f Y f
  (10) 
 
Diagonal elements of the inverse nodal admittance matrix are just the impedances seen in the network buses. In the 
present application, they are functions of frequency: 
11
( )aZ f ; 22 ( )aZ f ; 33 ( )aZ f ; 44 ( )aZ f . There is no need for 
their analytical expressions, but for their numerical values. In Fig 2÷5 are presented the harmonic impedance values 
seen in buses 1, 2, 3 and 4, for each values of active and reactive load, and reactive power compensation respectively of 
the cases a, b, c and d. 
 
 
 
Fig. 2. Graphical representation of harmonic impedance seen in bus 1. 
 
 
 
Fig. 3. Graphical representation of harmonic impedance seen in bus 2. 
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Fig. 4. Graphical representation of harmonic impedance seen in bus 3. 
 
   
 
  
 
Fig. 5. Graphical representation of harmonic impedance seen in bus 4. 
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 Are then easily found the maxima (poles), corresponding to parallel resonances frequencies and minima (zeros) 
corresponding to series resonances frequencies, alternating upward. For the case study considered, the values of 
series and parallel resonance frequencies for the respective values of the impedances seen in the four buses of the 
network and operating in the four conditions proposed are given in Table 2. 
Analyzing the obtained values, it can be drawn the following main observations: 
• harmonic impedance values seen in bus 1 are very small (in units of ohms) and are relatively less modified by 
installing filters and the capacitors in bus 2. 
• only harmonic impedance values seen in bus 2 of the network are relevant for the study of the amplification of 
non-sinusoidal condition after the capacitor bank connection. These values are in the hundreds of ohms and are 
greatly modified by the presence of filters and capacitor bank. 
 
Table 2. The frequency and impedance values seen in network buses, corresponding 
to harmonic series and parallel resonances. 
 
 pol zero pol zero pol zero 
case a 
bus 1 
f [Hz] 246 247 344 346 956 1106 
Z [:] 1.667 0.571 1.881 0.868 4.257 3.454 
bus 2 
f [Hz] 246 250 345 350 1013 - 
Z [:] 122.032 0.01 182.125 0.01 198.208 - 
bus 3 
f [Hz] 246 - 345 344 - - 
Z [:] 1.305e5 - 705.257 544.727 - - 
bus 4 
f [Hz] 246 247 345 - - - 
Z [:] 1.195e3 636.97 2.241e5 - - - 
case b 
bus 1 
f [Hz] 245 247 342 345 590 682 
Z [:] 1.268 0.683 1.648 0.962 2.508 2.226 
bus 2 
f [Hz] 246 250 344 350 626 - 
Z [:] 89.812 0.01 92.506 0.01 98.83 - 
bus 3 
f [Hz] 246 - 345 342 - - 
Z [:] 8.699e4 - 694.321 594.399 - - 
bus 4 
f [Hz] 245 247 344 - - - 
Z [:] 987.034 698.746 7.727e4 - - - 
case c 
bus 1 
f [Hz] 244 247 338 344 470 537 
Z [:] 1.155 0.739 1.501 1.051 1.932 1.812 
bus 2 
f [Hz] 245 250 3`42 350 498 - 
Z [:] 60.858 0.01 64.334 0.01 65.844 - 
bus 3 
f [Hz] 246 - 343 339 - - 
Z [:] 4.536e4 - 684.462 636.745 - - 
bus 4 
f [Hz] 244 246 343 - - - 
Z [:] 919.477 714.199 3.315e4 - - - 
case d 
bus 1 
f [Hz] 243 246 330 343 408 459 
Z [:] 1.085 0.752 1.396 1.092 1.645 1.585 
bus 2 
f [Hz] 245 250 338 350 431 - 
Z [:] 47.252 0.01 48.986 0.01 49.381 - 
bus 3 
f [Hz] 245 - 341 336 - - 
Z [:] 3.001e4 - 688.256 684.004 - - 
bus 4 
f [Hz] 243 246 342 - - - 
Z [:] 874.125 723.736 1.619e4 - - - 
 
x Zeros that can be "seen" in bus 2 correspond to frequencies of 250 Hz and 350 Hz, which shows that the filters 
are correctly sized. They produce also poles, on the detuned frequencies, but these poles are not dangerous 
because they are very narrow and network while there are no harmonic currents in the network having these 
frequencies. 
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x The capacitor bank also determines the poles. Their magnitude is even greater as the damping produced by the 
active load is less. A large active load causes a high damping (large reduction corresponding to poles impedance 
value) because of a small equivalent electrical resistance. This effect occurs at detuned poles. More the active 
load is higher; more the risk of non-sinusoidal conditions amplification is lower. 
x The frequencies values corresponding to the poles produced by capacitor bank depend on the value of reactive 
power compensation (or on the equivalent capacitance). Higher capacity values determine appropriate low 
frequency poles, which increases the risk of amplifying non-sinusoidal regime because usually at low frequency 
there are high level harmonic currents. However, the capacitive compensation is adjusted according to the load 
variation, such that the high levels of reactive power compensation overlap with large active and reactive load, so 
large damping. 
x In the considered example, the load has a large variation and thus filters have been designed so as to produce a 
reduced fundamental capacitive compensation (constant). The large variation of the load is offset by a large 
variation of capacitor bank reactive power. This is reflected in the presence of pole corresponding to low 
frequencies. If load variation should be reduced, most of the fundamental capacitive compensation can be 
attributed to the filters, capacitor bank assuming a low capacitive reactive power, possibly adjustable. This will 
lead to high frequency poles that produced by the capacitor bank, which reduces the risk of amplifying non-
sinusoidal regime. 
x Harmonic impedances seen from buses 3 and 4 are not relevant. There appear some poles corresponding to 
frequencies practical equal to detuned frequencies and very high impedance values for narrow intervals. But as in 
these buses is excluded flowing of harmonic currents on those frequencies, the analysis is only formal. 
 
4. Conclusions 
 
This paper presents the implementation and the results obtained by applying a "classic" method used in frequency 
domain analysis of electrical networks, namely the method based on harmonic nodal admittance matrix. The method 
is applied to determine the parallel and series resonance frequencies occurrence in a harmonic polluted distribution 
network where filtering and capacitive compensation circuits are installed. Minimum and maximum frequencies, 
corresponding to the frequency dependent function of the inverse diagonal elements of harmonic nodal admittance 
matrix, which is actually harmonic impedances seen in those buses of the network, are determined. The results are 
presented for a case study on an area of medium voltage distribution network. These will form the baseline for 
assessing the accuracy of the second method of analysis applied to the same purpose and is presented in the second 
part of this paper: the method of system state variables automatically associated to the distribution network. 
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